
Int J Theor Phys (2010) 49: 1422–1430
DOI 10.1007/s10773-010-0321-6

Coherent-State Path Integrals and Brownian Motions

Hideyasu Yamashita

Received: 8 January 2010 / Accepted: 15 March 2010 / Published online: 31 March 2010
© Springer Science+Business Media, LLC 2010

Abstract A stochastic approach to the rigorous foundation of the coherent-state (phase-
space) path integral is given. Stochastic integrals and some generalizations of the Feynman–
Kac theorem are used for this purpose. In this approach, quantum mechanics is described in
terms of the Fock–Bargmann representation; a classical Hamiltonian is related to the corre-
sponding quantum Hamiltonian on the Fock–Bargmann space, seen as a Hilbert subspace of
L2(R2). The coherent-state path integral is realized as a conditional expectation of a stochas-
tic process defined by the exponential of the Fisk–Stratonovich integral of the fundamental
1-form along a path of Brownian motion on the phase space R2.
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1 Introduction

The essence of the method of the coherent-state path integral can be sketched by a simple
example, the derivation of the coherent-state path integral representation for a harmonic
oscillator (see e.g. Swanson [1]); For λ ∈ C, let |λ〉 denote a coherent state. Let a∗ and a be
the creation and annihilation operators respectively, and the Hamiltonian operator H be

H = ω

(
a∗a + 1

2

)
,

where ω ≥ 0. Let |λ, t〉 := eiHt |λ〉, and

dμ(λ) :=
N−1∏
j=1

1

2πi
dλ∗

j dλj .

H. Yamashita (�)
Aichi-Gakuin University, Iwasaki-cho Araike 12, Nissin City, Aichi Prefecture, Japan
e-mail: yamasita@dpc.aichi-gakuin.ac.jp

mailto:yamasita@dpc.aichi-gakuin.ac.jp


Int J Theor Phys (2010) 49: 1422–1430 1423

Then by the overcompleteness we have

〈λb, tb|λa, ta〉 =
∫ N−1∏

j=0

〈λj+1, tj+1|λj , tj 〉dμ(λ)

where tj = ta + j (tb − ta)/N , j = 0, . . . ,N .
As a formal “continuum limit” N → ∞ of the right-hand side, the path integral repre-

sentation of the time evolution is given by

〈λb, tb|λa, ta〉 = e−(1/2)(λ∗
b
λb−λ∗

aλa)

∫ λ(tb)=λb

λ(ta )=λa

Dλ exp

{
i

∫ tb

ta

dt[iλ∗λ̇ − ωλ∗λ]
}

. (1)

However, we find that it is difficult to give a mathematically rigorous meaning to the right-
hand side above, even in the physically trivial case where ω = 0. But note that for an ab-
solutely continuous path λ, the following equation holds:

∫ tb

ta

λ∗λ̇dt =
∫ tb

ta

λ∗dλ,

where λ̇ is the derivative of λ in the sense of Radon–Nikodym, and the right-hand side is the
integral in the sense of Lebesgue–Stieltjes, which is defined when λ has a bounded variation.
A Stieltjes-type integral can be defined for a sort of path which does not has a bounded
variation, such as a Brownian motion. Such integral is called the stochastic integral. In this
paper we suggest a stochastic approach to this problem; Here λ is interpreted as a Brownian
motion, the integral measure Dλ as the probability measure on the path space, and the above
integral as a stochastic integral.

In this paper we use the Feynman–Kac theorem and its generalizations for this purpose.
However our approach differs from the conventional Feynman–Kac approaches to path in-
tegrals in the following point: Usually the Feynman–Kac theorem is used for rigorous treat-
ments of Euclidean (i.e. imaginary-time) Lagrangian path integrals, where the paths are on
the classical configuration space. On the other hand, we use it for that of real-time Hamil-
tonian path integrals, where the paths are on the classical phase space.

2 Fock–Bargmann Space

First we review the definitions and properties on the Fock–Bargmann representation (see
e.g. [2]).

We identify R2 with C by z = x + iy (x, y ∈ R). Define the differential operators
∂x, ∂y, ∂z and ∂z̄ on L2(C) = L2(R2) by

∂x := ∂

∂x
, ∂y := ∂

∂y
, ∂z := 1

2
(∂x − i∂y), ∂z̄ := 1

2
(∂x + i∂y),

and the linear operators z, z̄ on L2(C) by

(zf )(z) := zf (z), (z̄f )(z) := z̄f (z).

Define the subspace HFB ⊂ L2(R2) by

HFB := L2(R2) ∩ {e−(1/2)z̄zf |f ∈ C∞(R2), ∂z̄f = 0}. (2)
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The condition ∂z̄f = 0 means that f : C → C is entire analytic. The subspace HFB is shown
to be a Hilbert space. Let us call HFB the Fock–Bargmann space (FB space). We easily see
that HFB have another expression:

HFB = {f ∈ L2(R2) ∩ C∞(R2)|(∂z̄ + z/2)f = 0} = Ker(∂z̄ + z/2).

A orthonormal basis of HFB is given by

en(z) := e−(1/2)z̄z zn

√
n! , n = 0,1, . . . ,

in other words,

e0(z) := e−(1/2)z̄z, en = z√
n

en−1,

which is equivalent to the number-state representation of a Bose harmonic oscillator, where
z is seen as the creation operator.

Let z∗ denote the adjoint operator of z on HFB. Note that this is different from z̄, the
adjoint operator of z on L2(R2):

z∗f = EHFB z̄f = (z̄/2 + ∂z)f, f ∈ HFB

where EHFB is the orthogonal projection from L2(R2) onto HFB. The operator z∗ is called
the annihilation operator on HFB.

For α ∈ C, define the operator D(α) on HFB by

D(α) := exp[αz − ᾱz∗].
This is a unitary representation of the Heisenberg group, called the Fock–Bargmann repre-
sentation. The action of D(α) is explicitly expressed by

D(α)f (z) = e(1/2)[αz−ᾱz̄]f (z − ᾱ) = ei�(αz)f (z − ᾱ), f ∈ HFB

For α ∈ C, define Cα ∈ HFB, called a coherent state, by

Cα(z) := exp[−(1/2)(z̄z + ᾱα + 2αz)]. (3)

We see

Cα = D(α)C0 = D(α)e0,

and

〈Cξ |Cζ 〉 = exp

[
−1

2
(ξ̄ ξ − 2ξ̄ ζ + ζ̄ ζ )

]
= e−(1/2)ζ̄ ζ Cξ̄ (ζ ).

Let Eα = |Cα〉〈Cα|, then we have
∫

Eαdμ(α) = EHFB , dμ(z) := π−1dxdy,

where EHFB is the orthogonal projection from L2(R2) onto HFB. This property is called the
overcompleteness of the coherent states on HFB. Clearly the action of EHFB on f ∈ L2(R2)
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is expressed as follows:

EHFBf (z) =
∫

exp

[
−1

2
(z̄′z′ − 2z̄′z + z̄z)

]
f (z′)dμ(z′).

Define the self-adjoint operators Dx , Dy and A on L2(R2) ∼= L2(C) by

Dx := i∂x − y, Dy = i∂y + x, (4)

A := D2
x + D2

y = −	 + 2i(−y∂x + x∂y) + x2 + y2 (5)

We can check the relation [Dx,Dy] = 2i, the (reducible) canonical commutation relation
with � = 2. Define the corresponding “annihilation” and “creation” operators aFB, aFB

∗ re-
spectively by

aFB := 1

2
(Dy − iDx), aFB

∗ := 1

2
(Dy + iDx).

Define the “number operator” by NFB = aFB
∗aFB, whose spectrum is {0,1,2, . . .}. Then we

find

A = 4NFB + 2.

Note that

aFB = 1

2
(∂x + i∂y + x + iy) = ∂z̄ + z/2

where z = x + iy. Thus we find

KerNFB = KeraFB = {f ∈ L2(R2) ∩ C∞(R2)|(∂z̄ + z/2)f = 0},
which equals the Fock–Bargmann space HFB ⊂ L2(R2). Thus we have another representa-
tion of EHFB :

EHFB = lim
t→∞ exp(−tNFB) (in norm).

2.1 Quantization on a FB Space

Let A and B be possibly unbounded positive self-adjoint operators on a Hilbert space H.
Suppose the following spectral conditions:

0 ∈ spec(A), spec(A) ∩ (0, α) = ∅ for some α > 0.

Fix σ > 0, and suppose that {fσ,t ∈ dom(A) ∩ dom(B)|σ > 0, t ≥ 0} satisfy the following
differential equation

(d/dt)fσ,t = (−σ 2A + iB)fσ,t , fσ,0 = f.

Let E be the orthogonal projection onto KerA.

Lemma 1 If B is bounded and (I − E)f = 0, then for all t ≥ 0,

‖(I − E)fσ,t‖ ≤ 1

ασ 2
‖B‖.
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Proof We have

(d/dt)‖(I − E)fσ,t‖2 = (d/dt)〈fσ,t |(I − E)fσ,t 〉
= 〈(−σ 2A + iB)fσ,t |(I − E)fσ,t 〉 + 〈fσ,t |(I − E)(−σ 2A + iB)fσ,t 〉
= 〈fσ,t |[(−σ 2A − iB)(I − E) + (I − E)(−σ 2A + iB)]fσ,t 〉
= 〈fσ,t |[−2σ 2A + i[(I − E),B]]fσ,t 〉
= −2σ 2〈fσ,t |Afσ,t 〉 + i〈fσ,t |[(I − E),B]fσ,t 〉
= −2σ 2〈fσ,t |Afσ,t 〉 − 2�〈fσ,t |(I − E)Bfσ,t 〉.

Since 0 ≤ α(I − E) ≤ A, we have

(d/dt)‖(I − E)fσ,t‖2 ≤ −2ασ 2〈fσ,t |(I − E)fσ,t 〉 − 2�〈fσ,t |(I − E)Bfσ,t 〉
≤ −2ασ 2‖(I − E)fσ,t‖2 + 2‖f ‖‖B‖‖(I − E)fσ,t‖
= 2

(−ασ 2‖(I − E)fσ,t‖ + ‖f ‖‖B‖)‖(I − E)fσ,t‖
Let h(t) := ‖(I − E)fσ,t‖2. Then we have shown that for all t > 0,

(d/dt)h(t) ≥ 0 ⇒ h(t) ≤ ‖f ‖2‖B‖2

α2σ 4
.

Since h(0) = 0, this implies h(t) ≤ ‖f ‖2‖B‖2

α2σ 4 for all t ≥ 0. �

Suppose (I − E)f0 = 0. Let gt := Efσ,t , then we have g0 = f0 and

‖(d/dt)gt − iEBEgt‖ = ‖iEB(I − E)fσ,t‖ ≤ ‖B‖‖(I − E)fσ,t‖ ≤ ‖B‖2

ασ 2

for all t > 0.

lim
σ→∞gt = exp(itEBE)g0

Thus by Lemma 1, we have the following:

Theorem 1 If B is bounded and (I − E)f = 0, then

∀t > 0, lim
σ→∞fσ,t = exp(itEBE)f.

Let HC ∈ L∞(R2) be real, and set H = HFB, A = 2NFB = (A − 2)/2 and B = HC (as a
multiplication operator on L2(R2)).

Corollary 1 Let f ∈ HFB and suppose {fσ,t ∈ L2(R2)|σ > 0, t ≥ 0} satisfy the equation

(d/dt)fσ,t = (−2σ 2NFB + iHC)fσ,t , fσ,0 = f. (6)

Then the following holds for all t > 0:

lim
σ→∞fσ,t = exp(itH)f, (7)

where H = EHFBHCEHFB .
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If we regard HC as a classical Hamiltonian defined on the phase space R2, the operator
H can be viewed as a quantization of HC. Thus we can interpret the above corollary as
a mathematical description of the quantization procedure, although here we are confining
ourselves to the cases where both HC and H are bounded.

3 Stochastic Representation

In this section we give a stochastic representation of the quantum time evolution on a FB
space, along the lines of Corollary 1. We first review the Feynman–Kac theorem.

Let d be a positive integer, and consider a standard d-dimensional Brownian motion
Bt = (B1

t , . . . ,B
d
t ) (t ≥ 0). We suppose that the distribution of B0 has the probability density

function ρ such that ρ(x) > 0 for each x ∈ Rd , so that the conditional expectation E[X|B0 =
x] makes sense.

A function

v : [0, T ] × Rd → R

is of type C1,2((0, T ) × Rd) if the derivatives

∂v/∂t, ∂v/∂xi, ∂2v/∂xi∂xj , 1 ≤ i, j ≤ d

are continuous on (0, T ) × Rd .
Assume that f : Rd → R, V : Rd → [0,∞) are continuous, and that the continuous

function u : [0,∞) × Rd → R is of class C1,2 on (0,∞) × Rd and satisfies

∂u

∂t
= 1

2
	u − V u, u(0, x) = f (x). (8)

Theorem 2 (Feynman–Kac Theorem) If u(t, x) is polynomially increasing with respect to
x, and if V is bounded, then u admits the stochastic representation

u(t, x) = E

[
f (Bt ) exp

{
−

∫ t

0
V (Bs)ds

}
|B0 = x

]
(9)

Proof Let v(t, x) := u(T − t, x) and define the processes It and Mt by

It :=
∫ t

0
V (Bs)ds, Mt ′ := v(t + t ′,Bt ′)e

−It ′ .

Then by Itô’s rule and (8), we have dMt ′ = exp(−It ′)∇v(t + t ′,Bt ′) · dBt ′ , and hence
v(t, x) = E[v(t + t ′,Bt ′) exp(−It ′)|B0 = x]. Set t ′ = T − t and we have (9). For further
information, see [3]. �

Let
∫ t

0 X ◦ dY denote the Fisk–Stratonovich integral, defined by

∫ t

0
Xs ◦ dYs :=

∫ t

0
XsdYs + 2−1〈XM,Y M〉t ,

which is formally written as

Xt ◦ dYt := XtdYt + 2−1dXtdYt .
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Let θk : Rd → R (k = 1, . . . , d) be smooth and tempered (i.e. polynomially increasing),
and θ = (θ1, . . . , θd). Then the integral

It :=
d∑

k=1

∫ t

0
θk(Bs) ◦ dBk

s ,

exists. We simply write It = ∫ t

0 θ(Bs) ◦ dBs . By Itô’s rule, we see that this is expressed by
the Itô stochastic integral as

It =
∫ t

0
θ(Bs)dBs + σ 2

2

∫ t

0
(divθ)(Bs)ds

where divθ = ∇ · θ = ∑
k(d/dxk)θk . If we regard θ as a 1-form on Rd (i.e. θ = ∑

k θkdxk),
then It can be seen as a stochastic line integral [4] of the 1-form θ , and is written as

It =
∫

B[0,t]
θ.

This is the natural extension of the usual notion of the (Lebesgue–Stieltjes) line integral
∫

C
θ

in the case where the path C : [0, t] → Rd has a bounded variation.

Theorem 3 Define the operator D(θ) by

D(θ) := (i∇ + θ)2 =
d∑

k=1

(
i

∂

∂xk
+ θk

)2

= −	 + 2iθ · ∇ + i(∇ · θ) + θ · θ. (10)

Let V : Rd → C be continuous and bounded. Suppose that u(t, x) satisfy the differential
equation

u̇(t, x) = −1

2
D(θ)u(t, x) − V (x)u(t, x), u(0, x) = f (x), (11)

and that u(t, x) is polynomially increasing w.r.t. x. Then u admits the stochastic represen-
tation

u(t, x) = E
[
f (Bt) exp(iS −

t )|B0 = x
]

(12)

where

S −
t = S −

t (B, θ,V ) := −
∫

B[0,t]
θ + i

∫ t

0
V (Bs)ds.

Proof By the argument similar to the proof of Theorem 2; Let v(t, x) := u(T − t, x). Define
the process Mt ′ by

Mt ′ := v(t + t ′,Bt ′) exp[It ′ + Jt ′ ]
where

It ′ := −
∫ t ′

0
V (Bs)ds, Jt ′ := −i

∫ t ′

0
θ(Bs) ◦ dBs.

Then by Itô’s rule and (11), we have Ex[Mt ′ ] = v(t, x). Set t ′ = T − t and we have (12). �
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Corollary 2 Suppose the conditions of Theorem 3. Let σ > 0 and suppose that u(t, x) sat-
isfy the differential equation

u̇(t, x) = −σ 2

2
D(θ)u(t, x) − V (x)u(t, x), u(0, x) = f (x), (13)

and that u(t, x) is polynomially increasing w.r.t. x. Then u admits the stochastic represen-
tation

u(t, x) = E[f (σBt) exp(iS −
t (σB, θ,V ))|σB0 = x]. (14)

Proof Let w(t, x) := u(σ−2t, x), then we have

(∂/∂t)w(t, x) = (−(1/2)A(θ) − σ−2V )w(t, x).

We can check S −
σ 2t

(B, θ, σ−2V ) = S −
t (C, θ,V ) with Ct := Bσ 2t . Thus by Theorem 3, we

have

u(t, x) = w(σ 2t, x) = E[f (Bσ 2t ) exp(iS −
σ 2t

(B, θ, σ−2V ))|B0 = x]
= E[f (Ct ) exp(iS −

t (C, θ,V ))|C0 = x]
= E[f (σBt) exp(iS −

t (σB, θ,V ))|σB0 = x].
�

For t ≥ 0 and y ∈ Rd , define p(t, y) by

p(t, x) := 1

(2πσ 2t)d/2
exp(−‖x‖2/(2σ 2t)).

For 0 ≤ t1 < t2, the probability density function of Bt2 − Bt1 equals p(t2 − t1, ·). Note that

E[f (Bt) exp(iS −
t )|B0 = x] =

∫
Rd

E[exp(iS −
t )|B0 = x,Bt = y]p(t, y − x)f (y)dy,

and

E[exp(iS +
[t,t ′])|Bt = x,Bt ′ = y] = E[exp(iS −

[t,t ′])|Bt ′ = x,Bt = y]
where

S ±
[t,t ′] := ±

∫
B[t,t ′]

θ + i

∫ t ′

t

V (Bs)ds. (15)

for 0 ≤ t < t ′. Thus we have the following:

Corollary 3 Suppose the conditions of Theorem 3 and (11). Let ft (x) = u(t, x), then the
mapping ft �→ ft ′ (0 ≤ t < t ′) has the integral representation

ft ′(x
′) =

∫
Rd

Kσ (t, t ′;x, x ′)ft (x)dx, (16)

where

Kσ (t, t ′;x, x ′) := E[exp(iS +
[t,t ′](σB, θ,V ))|Bt ′ = x ′,Bt = x]p(t ′ − t, x ′ − x). (17)
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Suppose that there exists a solution {fσ,t ∈ L2(R2)|σ > 0, t ≥ 0} of (6). We see

−2σ 2NFB + iHC = −σ 2

(
1

2
A − 1

)
+ iHC = −σ 2

2
D(θ) + iHC + σ 2

where D(θ) is defined by (10), with d = 2, θ1(x, y) = −y and θ2(x, y) = x. Thus, letting
V = −(iHC + σ 2) on (15), the following theorem follows from Corollaries 1 and 3:

Theorem 4 (Coherent-state path integral) Let H be a self-adjoint operator on HFB. If there
exists a continuous bounded function HC : R2 → R such that H = EHFBHC � HFB, then for
f ∈ HFB,

exp(itH)f (z) = lim
σ→∞π

∫
C

Kσ (z, z′; t)f (z′)dμ(z′) (in L2(R2))

where

Kσ (z, z′; t) := E[exp(iS +
σ,t )|Bσ,0 = z,Bσ,t = z′]p(t, z′ − z),

Bσ,t := σBt

S +
σ,t :=

∫
B[0,t]

θ +
∫ t

0
HC(Bσ,s)ds − iσ 2t,

θ(x, y) := −ydx + xdy.

Note that the explicit expression of the above line integral is as follows:

∫
B[0,t]

θ =
∫ t

0
(−B2

σ,s ◦ dB1
σ,s + B1

σ,s ◦ dB2
σ,s).

This 1-form θ can be regarded as a fundamental 1-form (in the sense of classical analytical
dynamics) on the phase space R2. Thus the process S +

σ,t can be seen as a classical-mechanical
quantity analogous to the action integral along the Brownian motion B .
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