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Abstract A stochastic approach to the rigorous foundation of the coherent-state (phase-
space) path integral is given. Stochastic integrals and some generalizations of the Feynman—
Kac theorem are used for this purpose. In this approach, quantum mechanics is described in
terms of the Fock—-Bargmann representation; a classical Hamiltonian is related to the corre-
sponding quantum Hamiltonian on the Fock—Bargmann space, seen as a Hilbert subspace of
L?(R?). The coherent-state path integral is realized as a conditional expectation of a stochas-
tic process defined by the exponential of the Fisk—Stratonovich integral of the fundamental
1-form along a path of Brownian motion on the phase space R?.
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1 Introduction

The essence of the method of the coherent-state path integral can be sketched by a simple
example, the derivation of the coherent-state path integral representation for a harmonic
oscillator (see e.g. Swanson [1]); For A € C, let |A) denote a coherent state. Let a* and a be
the creation and annihilation operators respectively, and the Hamiltonian operator H be

1
H= * -,
a)(a a+2)

where w > 0. Let |A, t) :=e'f"|)), and

N—-1

1
du) = [ | s=dnjda;.
i 2mi
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Then by the overcompleteness we have
N-1
Gaetobhonta) = [ TT e tpeiltgonidiech
=0

where t; =t,+ j(t, —t,)/N, j=0,...,N.
As a formal “continuum limit” N — oo of the right-hand side, the path integral repre-
sentation of the time evolution is given by

AMip)=hp
(ot =055 [
Mita)=ha

tp .
Dkexp{i/ de[ir"x —wk*k]}. 1)
Ia

However, we find that it is difficult to give a mathematically rigorous meaning to the right-
hand side above, even in the physically trivial case where w = 0. But note that for an ab-
solutely continuous path A, the following equation holds:

Ip . 1p
/ AfAadr = / A*dA,
ta ta

where A is the derivative of A in the sense of Radon—Nikodym, and the right-hand side is the
integral in the sense of Lebesgue—Stieltjes, which is defined when A has a bounded variation.
A Stieltjes-type integral can be defined for a sort of path which does not has a bounded
variation, such as a Brownian motion. Such integral is called the stochastic integral. In this
paper we suggest a stochastic approach to this problem; Here A is interpreted as a Brownian
motion, the integral measure DA as the probability measure on the path space, and the above
integral as a stochastic integral.

In this paper we use the Feynman—Kac theorem and its generalizations for this purpose.
However our approach differs from the conventional Feynman—Kac approaches to path in-
tegrals in the following point: Usually the Feynman—Kac theorem is used for rigorous treat-
ments of Euclidean (i.e. imaginary-time) Lagrangian path integrals, where the paths are on
the classical configuration space. On the other hand, we use it for that of real-time Hamil-
tonian path integrals, where the paths are on the classical phase space.

2 Fock-Bargmann Space

First we review the definitions and properties on the Fock—Bargmann representation (see
e.g. [2]).

We identify R? with C by z = x + iy (x,y € R). Define the differential operators
0y, 0y, 0, and 0z on L?*(C) = L>(R?) by

0 1 . 1 .
0y i = —, 0y 1= —y, d; := 5(8X —1d,), 0z := E(ax +idy),

and the linear operators z, Z on L?(C) by
(zf)(2) :=z2f(2), zf)(2):=2f(2).
Define the subspace Hrg C L?(R?) by

Hrp :=L*(R*) N{e~ V2" f| f € C*(R?), 3;f =0}. 2)
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The condition 9; f = 0 means that f : C — C is entire analytic. The subspace Hg is shown
to be a Hilbert space. Let us call Hgg the Fock—Bargmann space (FB space). We easily see
that Hgg have another expression:

Heg = {f € LAR®) N C®RH|(8: +2/2) f = 0} = Ker(d: +z/2).

A orthonormal basis of Hgp is given by

- Zn
e,(2) := e_(l/z)“—‘, n=0,1,...,
n!

in other words,

z
€y = €n—1,

Jn
which is equivalent to the number-state representation of a Bose harmonic oscillator, where
z is seen as the creation operator.

Let z* denote the adjoint operator of z on Hgg. Note that this is different from z, the
adjoint operator of z on L?(R?):

eo(Z) = e*(l/Z)Zz’

2 f=Enpif=(2/2+0)f, f€Hrm
where E, is the orthogonal projection from L?(R?) onto Hgg. The operator z* is called
the annihilation operator on Hgg.
For « € C, define the operator D(«) on Hgg by

D(x) :=explaz — az*].

This is a unitary representation of the Heisenberg group, called the Fock—Bargmann repre-
sentation. The action of D(«) is explicitly expressed by

D@ f(x) =V f(z —a) = f(z~ @), feHpm
For « € C, define C, € Hgg, called a coherent state, by
Co(z) :=exp[—(1/2)(zz + @ + 222)]. 3)

We see
Co = D(a)Co = D(@)ey,

and
1 - _ _ _
(CelCy) =exp[—§@s —2kc+ ;o} = PR,
Let E, = |C,)(Cy|, then we have

/Ead,u(ot) = Eppys du(z) =" 'dxdy,

where E4q, is the orthogonal projection from L?(R?) onto Hgp. This property is called the
overcompleteness of the coherent states on Hgp. Clearly the action of Ey,, on f € L*(R?)
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is expressed as follows:
1 = >/ = / !
By f(2) = / eXp[—E(z 7 =277+ zz)]f(z Ydu(z).

Define the self-adjoint operators D,, D, and A on L*(R%) = L?*(C) by
Dy :=id, —y, D, =id, +x, “
A= DI+ D2 = —A+2i(—yd, +x3,) + x>+ )

We can check the relation [D,, D,] = 2i, the (reducible) canonical commutation relation
with i = 2. Define the corresponding “annihilation” and “creation” operators agg, apg™ re-
spectively by

1 1
app ‘= E(Dy —iD,), apg” 1= E(Dy +iDy).

Define the “number operator” by Npg = arpp*apg, whose spectrum is {0, 1,2, ...}. Then we
find

A =4Npg + 2.

Note that
arp = %(ax +idy +x+iy)=0;+2z/2
where z = x + iy. Thus we find
Ker Nrg = Kerapg = {f € L2 (R) N C®°(R?)|(3: +2z/2) f =0},

which equals the Fock-Bargmann space Hrg C L?(R?). Thus we have another representa-
tion of Eyypy:

Eyipy = Zlim exp(—tNgg) (in norm).
—00
2.1 Quantization on a FB Space

Let A and B be possibly unbounded positive self-adjoint operators on a Hilbert space H.
Suppose the following spectral conditions:

0 espec(A), spec(A)N(0,a)=@ forsome a > 0.

Fix o > 0, and suppose that {f;, € dom(A) N dom(B)|o > 0, ¢ > 0} satisfy the following
differential equation

(d/dt)fa,t=(_02A+iB)fa,t7 fa,0=f'

Let E be the orthogonal projection onto Ker A.

Lemma 1 If B is bounded and (I — E) f =0, then for all t > 0,

1
I = E) foull = — I BIl.
ao
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Proof We have

@/dD|(I = E) fo, 1> = (d/d0)( fos /(T = E) fo)
= ((=0?A+iB) foul(I — E) foi) + (foul I — EY(—0A+iB) fo)
= (foull(=0*A—iB)I — E)+ (I — E)(—0°A+iB)]f,.)
= (foull=20°A+il[(I — E), Bl fo.)
= =202 (foulAfor) +i{foull — E), Bl f5,)
= =207 (foul Afos) = 23(foul I — E)Bfos).
Since 0 <a(l — E) < A, we have
/A1 = E) o> < =200 (foi (I = E) for) = 23(foul(I — E)Bf51)
< =200 (|(I = E) fo. 1> + 21 FNIBINU = E) £
=2(—ad®|[(I = E) foul + I FNBI) 1T = E) fos |

Let h(¢) := |(I — E) f,,||>. Then we have shown that for all ¢ > 0,

ILFI1BI>

@/dhn 20 = h) = =52

Since (0) =0, this implies (1) < LLEIEE for all 1 > 0, 0

Suppose (I — E) fo =0. Let g, := Ef,,, then we have gy = f, and

I1B]1*

[(d/dt)g; —i EBEg || = [liEB(I — E) fo. | < IBII(I — E) foill = e

forall t > 0.
lim g, =exp(itEBE)go
o —>00

Thus by Lemma 1, we have the following:

Theorem 1 If B is bounded and (I — E) f =0, then

vVt >0, lim f,, =exp(itEBE)f.
o —>00

Let Hc € L(R?) be real, and set H = Hpg, A = 2Npg = (A —2)/2 and B = Hc (as a
multiplication operator on L?(R?)).

Corollary 1 Let f € Hgp and suppose { f,, € L*(R»)|o > 0, t > 0} satisfy the equation
(d/dt) frr = (—20°Ngg +iHe) fors foo=f. (6)
Then the following holds for all t > 0:

1220 for =exp(itH) f, @)

where H = Eqqp Ho Eqypy .
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If we regard Hc as a classical Hamiltonian defined on the phase space R2, the operator
H can be viewed as a quantization of Hc. Thus we can interpret the above corollary as
a mathematical description of the quantization procedure, although here we are confining
ourselves to the cases where both Hc and H are bounded.

3 Stochastic Representation

In this section we give a stochastic representation of the quantum time evolution on a FB
space, along the lines of Corollary 1. We first review the Feynman—Kac theorem.

Let d be a positive integer, and consider a standard d-dimensional Brownian motion
B,=(B},..., B," ) (t > 0). We suppose that the distribution of By has the probability density
function p such that p(x) > 0 for each x € R, so that the conditional expectation E[X|By =
x] makes sense.

A function

v:[0,T] xR - R
is of type C12((0, T) x R?) if the derivatives
dv/dr, dv/ox’, %v/oxiox!, 1<i,j<d
are continuous on (0, T) x R?.

Assume that f : R? — R, V : R? — [0, c0) are continuous, and that the continuous
function u : [0, o0) x R — Riis of class C? on (0, oo) x R? and satisfies

u_ v 0,x)= 8
5 = g Au—Vu, u(0,x) = f(x). ()

Theorem 2 (Feynman—Kac Theorem) If u(t, x) is polynomially increasing with respect to
x,and if V is bounded, then u admits the stochastic representation

t
u(t,x):E[f(B,)exp{—/ V(Bs.)ds}|30:xi| 9)
0
Proof Let v(t, x) ;== u(T —t, x) and define the processes I, and M, by
t
I = / V(By)ds, My :=v(t+1t,Be .
0

Then by It6’s rule and (8), we have dM, = exp(—1I,)Vv(t + t', By) - dB,, and hence
v(t,x) = E[v(t + ', By)exp(—1Iy)|By = x]. Set t' = T — t and we have (9). For further
information, see [3]. O

Let fot X o dY denote the Fisk—Stratonovich integral, defined by

t t
/XsodYs ::/ X, dy, +271xM My,
0 0

which is formally written as

X, odY, := X,dY, +27'dXx,dy,.
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Let 6, : R - R (k=1,...,d) be smooth and tempered (i.e. polynomially increasing),
and 6 = (04, ..., 6;). Then the integral

d t
I = Z/ 6 (By) o dBF,
k=170

exists. We simply write I, = fot 0(B;) o dB;. By Itd’s rule, we see that this is expressed by
the 1t6 stochastic integral as

t 0_2 t
I, = f 0(B;)dB; + 5 / (divO)(By)ds
0 0

where divd =V -0 =Y, (d/dx*)6;. If we regard 6 as a 1-form on R? (i.e. 6 = Y, 6,dx*),
then /; can be seen as a stochastic line integral [4] of the 1-form 0, and is written as

i=[ .
BIO,7]

This is the natural extension of the usual notion of the (Lebesgue-Stieltjes) line integral |, ct
in the case where the path C : [0, ] — R has a bounded variation.

Theorem 3 Define the operator D(0) by

d 2

ad

D(Q)::(iV-I—@)z:E <iW+9k> =—A+2i0-V+i(V-0)+0-6. (10)
k=1

Let V : RY — C be continuous and bounded. Suppose that u(t, x) satisfy the differential
equation

ﬂ(t,x):—%D(Q)u(t,x)— V(x)u(t,x), u(0,x) = f(x), (11

and that u(t, x) is polynomially increasing w.r.t. x. Then u admits the stochastic represen-
tation

u(t,x) = E [ f(B) exp(iS;)| By = x] (12)

where

S =87(B.6,V):= —/

B

t
9+i/ V (B,)ds.
[0,7] 0

Proof By the argument similar to the proof of Theorem 2; Let v(¢, x) := u(T —1t, x). Define
the process M, by

M, :=v(t+1t', By)exp[ly + Jy]

where

’ ’

t t
Iy = —/ V (By)ds, Jy = —i/ 0(By) o dB;.
0 0

Then by 1t6’s rule and (11), we have E*[M,] =v(t,x). Sett' =T — t and we have (12). O
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Corollary 2 Suppose the conditions of Theorem 3. Let o > 0 and suppose that u(t, x) sat-
isfy the differential equation

2
u(,x) = —%D(G)u(r,x) —V@)u(t, x), u(0,x)= f(x), (13)

and that u(t, x) is polynomially increasing w.r.t. x. Then u admits the stochastic represen-
tation

u(t,x) = E[f(0 B,)exp(iS; (o B, 6, V))|o By = x]. (14)

Proof Let w(t, x) :=u(o~>t, x), then we have
@/ w(t, x) = (—(1/2)A®) — 6 2V)w(t, x).

We can check 5;2,(3, 0,072V) = S§7(C,0,V) with C, := B,2,. Thus by Theorem 3, we
have

u(t,x) = w(o’t,x) = E[f(B,2) exp(iS , (B.6,0 V)| By = x]
= E[f(C)exp(iS; (C,0,V))|Co=x]
= E[f(oB,)exp(iS, (0 B,0,V))|o By =x].

Fort>0and y € RY, define p(t,y) by

. 1 2 2

p(t, x):= WCXP(—HXH /2o °1)).

For 0 <t < t,, the probability density function of B,, — B, equals p(f, —t, -). Note that
ELF(B)exptiS, 1o =1 = [

) Elexp(iS;)|By=x, B; = ylp(t,y — x) f(y)dy,
R
and

E[exp(i5+ /])|Bt =Xx, By =yl=E[exp(iS], ’])lBt’ =x,B;,=y]

[t.t [zt

where

/

t
Sir ::i/ 9+i/ V (By)ds. (15)
' Blt,1'] '
for 0 <t < t’. Thus we have the following:

Corollary 3 Suppose the conditions of Theorem 3 and (11). Let f;(x) = u(t, x), then the
mapping f; — fy (0 <t <t') has the integral representation

fr@x) = /d Ko (t,t'; x,x") fy(x)dx, (16)
R
where
Ko (t,t';x,x') := E[exp(iS* ,(6B,8,V))|By =x', By =x]p(t' —t,x' — x). a7

[t.t]
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Suppose that there exists a solution { f,; € L>(R?)|o > 0, t > 0} of (6). We see

1 2
—20*Npg + i He = —02<5A— 1) +iHc= —%D(@) +iHe 402

where D(0) is defined by (10), with d =2, 6,(x, y) = —y and 6,(x, y) = x. Thus, letting
V = —(i Hc + 0?) on (15), the following theorem follows from Corollaries 1 and 3:

Theorem 4 (Coherent-state path integral) Let H be a self-adjoint operator on Hgg. If there
exists a continuous bounded function Hc : R> — R such that H = Eyps He | Hes, then for

S € Hgs,
exp(itH) f(2) = lim f Ko (2,20 f(du()  (in LARY)
o—>00 C

where
Ko (2,75 1) := E[exp(iS),)|Bso =2, By =2 1p(t,7 — 2),
B,; =08
t
St ::/ 9+f Hc (B, )ds —io?t,
' BI0,] 0
O(x,y) = —ydx + xdy.

Note that the explicit expression of the above line integral is as follows:

t
/ 6 =/ (=B%,0dB! + B} o0dB?)).
B[0,1] 0 ’ ’ ’ ’

This 1-form 6 can be regarded as a fundamental 1-form (in the sense of classical analytical
dynamics) on the phase space R?. Thus the process S, can be seen as a classical-mechanical
quantity analogous to the action integral along the Brownian motion B.
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